Chapter 1: Commutators and 3-Cycles

Our aim in these notes is to use Rubik’s magic cube to give insight into concepts from
group theory. We do not assume any knowledge of group theory. We hope that what we
have to say will be of interest to readers either with or without a group theory background,
and to readers who are novices or experienced cubists alike.

In this chapter we introduce two classes of useful operations, the corner and edge
3-cycles. These are sufficient to solve the cube, though in this chapter we will not give
an algorithm for solving the cube. Rather we will examine one example each of these two
classes, with a particular question in mind. Each of these two particular operations is
surprising because it only affects 3 pieces, in one case 3 corners, and in the other case 3
edges. Such a process is useful because, as one solves the cube one arrives at positions
where most but not all of the pieces are in the right position. To finish the puzzle, one
needs moves that only affect a few pieces, so that one may manipulate the few that are
misplaced without disturbing the ones which are already correctly positioned.

But why is it that these particular operations work? Why does each of them move 3
pieces and none others? It is a minor miracle that this can be accomplished with eight or
ten turns of the cube. We will give an explanation for this phenomenon by showing that
the two moves in question are commutators.

Figure 1. Top and Bottom views of the solved cube.

One thing Rubik has always insisted on from the manufacturers is a coloring scheme
is followed to this day. Red is opposite orange, blue opposite green and yellow opposite
white. Your cube should look like Figure 1, though it might be a mirror image.

Figure 1 shows the whole cube in two views. The cube is viewed from the top in the
left figure, and from the bottom in the right figure.
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It is also useful to give a single “sterographic” image of the cube showing most of the
cube in a single view (Figure 2). Everything except the bottom (green) face is visible.

Figure 2. Stereographic map of the solved cube.

Following cube pioneer David Singmaster we label the six sides of the cube “up,”
“down,” “left,” “right,” “front,” “back,” and “down,” with the corresponding abbrievi-
ations U (blue in Figure 1), D (green), L (orange), R (red), F' (white) and B (yellow).
The terms “up” and “down” are used instead of “top” and “bottom” since the letter B is
already taken.

Singmaster’s notion extends to operations on the cube. If X is one of the faces of the
cube, then X denotes the operation of rotating the X face through an angle of 5 = 90° in
the clockwise direction, while X! denotes the operation of rotating the X face through
an angle of /2 in the counterclockwise direction. Thus, starting with the solved cube in
Figure 1, after R~! the cube looks as in Figure 3. If g is any operation of the cube we’ll
denote by g™ the operation g done n times, and 1 will denote the operation which doesn’t
change anything, so if X is the rotation of a face, X* =1 and X3 = X 1.

Figure 3. After R~! is applied to a solved cube.
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We can concatenate operations of the cube. Thus if g and h are operations of the
cube, then gh is the operation consisting of first doing g, then doing h. We think of this
as a sort of multiplication, making the set of operations of the cube into a mathematical
object, known as a group. Note the order in which we do the operations: we proceed from
left to right.

If g is an operation of the cube, then ¢g~! denotes the operation which undoes what-
ever g does. This is standard mathematical notation. The alternative notation ¢~! was
introduced by Singmaster for brevity. It is often used in discussing the cube, but in other
applications of group theory, it is not a standard notation. We will also denote by 1 the

group element which does nothing. The inverse g~—! is therefore characterized by the rule
(1) 99 =g"'g=1
The following fact is basic:

(2) (gh)"' =h7'g™!

To see that this is true, multiply gh by h~1g~l. We get ghh~'g~! = gg~! = 1. This
means that A~1¢g~! undoes what gh does, and so it is the inverse of gh.

If g and h are given then ghg~! is called the conjugate of h by g. Conjugation, the
process which takes h into ghg~! is a magical operation which we’ll see a lot of. We note
a couple of its important properties. We have:

(3) (ghg™") ™" =gh™h™"
because using (2), (ghg™!)"! = (¢71)"th~lg~t and (g71)~! = g. Also
(4) g(hih2)g™" = (gh1g™")(ghag™)

because on the right side, the g~'g cancel.
Try the operation FRF~'LFR~'F~1L~!. Starting from the solved cube in Figure 1,
the configuration in Figure 4 results.

Figure 4. The corner 3-cycle FRF-LFR='F~'L~1.
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Notice that only three pieces are out of place, namely the three corner pieces in the
upper back left, upper front right and the upper front left positions. These are permuted
cyclicly. This operation is therefore called a corner 3-cycle.

Let us try to understand why FRF-'LFR~'F~1L~1! has such a simple effect. Why
does it only affect three pieces? After all, if you apply eight random rotations, they will
probably leave the cube looking very scrambled. What’s so special about this particular
sequence? It turns out this question has a nice answer.

If g and h are two operations of the cube, denote [g,h] = ghg='h~!. This is called
the commutator of g and h. The reason for this term is that

(5) [g,h] =1 if and only if gh = hg.

To prove this, assume [g,h] = 1. Multiplying this equation on the right by hg we get
ghg~*h~'hg = hg, and ghg~*h~*hg = ghg~'g = gh so gh = hg. You can check that this
reasoning is reversible.

We say g and h commute if gh = hg. So (5) says that the commutator of g and h is
trivial if and only if g and h commute with each other.

If g is an operation on the cube, let the support of g, denoted supp(g), be the set
of pieces which are changed by g. We note that if two operations g and h have disjoint
support—that is, if supp(g) N supp(h) is the empty set—then g and h commute. (This is
obvious!) For example L and R have disjoint supports, namely, the support of L consists
of the pieces on the left side of the cube, and the support of R consists of the pieces on
the right, and there is no overlap between these two sets. Therefore LR = RL and so
[L,R] = 1.

Now if g and h are two operations whose supports have only a small amount of overlap,
then g and h will almost commute. This means that [g, h] will be an operation which affects
only a few pieces. Yet it will not be the identity. Consider g = FRF~!, h = L. The effect
of g is shown in Figure 5.

Figure 5. The effect of FRF~!.
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Of course h = L only affects the nine pieces on the left, and of these, Figure 5 shows
that ¢ = FRF~! only affects a single piece, the upper front left corner. Since there is little
overlap between the supports of g and h these operations almost commute, and so their
commutator is almost trivial, that is, [g,h] = FRF'LFR™'F~1L™! should only affect a
small number of pieces. In fact, it only affects three, as the following result shows.

Proposition 1. Suppose that supp(g) Nsupp(h) consists of a single piece. Then [g, h] is
a 3-cycle.

We won’t give a formal proof of this until the next chapter. For the time being the
heuristic arguments we’ve given will suffice.

Let X,, denote the middle layer move that rotates just the middle layer between the
X and Y faces clockwise (looking at X face) in an angle of 5 = 90°. (See Figure 6.)

T

Figure 6. Left: initial state. Right: after the middle layer move Uy,

In addition to the corner 3-cycles, edge 3-cycles are also in the cubist’s repertoire. For
example, consider LF1L=1F-1LFL~1F,,. Figure 7 shows the result of this edge 3-cycle.
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Figure 7. The edge 3-cycle LF 'L 'F_ LFL 'F,,.

This is the commutator [LF~'L~ F_']. Here LF~'L™! has the effect shown in
Figure 8.

Figure 8. The effect of LF~1L™1,
The support of F.;! consists of the middle slice between the front and back rows, and

of these, only the piece in the upper left edge is affected by LF~'L~!, so Proposition 1
again implies that only three elements are affected by [LF~1L~1 F_1].

Not every edge 3-cycle can be so easily neatly as this one. Try
RBLFUF'L7'B7'R™U!

(Figure 9).



Figure 9. The effect of RBLFUF L !B 1R7U~!

This pleasant and easily remembered operation is a commutator, [RBLF,T]. The
fact that it is an edge 3-cycle does not follow simply from Proposition 1. Still the ideas
of this section are definitely relevant to understanding how this operation works. (Think
carefully about the effect of RBLF on the top face.)

We note that when the cube is manipulated using only the motions U, D, L, R, F
and B, the center pieces rotate but do not otherwise move. If you apply one of these
motions the center pieces turn but don’t go anywhere. So even after applying these many
times, although the cube looks very scrambled the centers are in their standard locations
(Figure 10).

Figure 10. When the cube is scrambled, the center pieces do not move!

This fact, that the center pieces never move, is the key to the mechanism of the cube,
and you will see what I mean if you take one apart. (To disassemble the cube, rotate
one face by 7 = 45°, then pry out one of the four middle pieces. The cube will then
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come apart. It can be reassembled by reversing the process.) Of course you don’t actually
need to know anything about the actual mechanism to see that the center pieces never
move—this is a consequence of the fact that the rotation of any face doesn’t move any
center piece, except to turn it.

Because of this property we may consider two different realizations of the group of the
cube. In the smaller realization, which we denote as &, we always insist that the center

pieces have the same spatial orientation. The elements of the group consist of the motions
of the cube generated by U, D, L, R, F and B.

The extended group € of the cube consists of all motions of the cube, including rota-
tions which move the center pieces. In addition to &, contains the group R of rotations of
the entire cube. Elements of R do not affect the pattern of the cube, only its orientation.
The reason these motions don’t essentially affect anything is that everything in the cube
moves together. For example, if X is a face, let X. € R denote the rotation of the entire
cube by an angle of T = 90° clockwise around the X face (Figure 11).

Returning to the extended group €, if g is in €, then there is a rotation r € R which

restores the locations of the locations of the faces to their original positions. Then gr € &.
For example if g = X,,, we should take r = X 1.

T

Figure 11. Left: initial state. Right: after the rotation U,

We see that if g € €, we may apply an element r of R, which, being a rotation of the
whole cube does not essentially affect the condition of the cube, and transform g into an
element rg of . As an example, if g = F,, we can take r = F ! and we find (Figure 12)
that

(6) FoF ' =F'B, Fu=F 'BF.=F., F'B,

so gr = F~1B € &. Because of this fact, there is nothing we can do in the extended group
¢ that we cannot do in & itself.



F, F1
7~ N\ 7~ N\
\ /

F~'B

Figure 12. Showing that F,,F, ! = F~1B

For this reason it might seem that there is no real advantage to considering the
extended group. Nevertheless sometimes it is better to work in the extended group, and
as evidence of this claim, we will now return to the edge 3-cycle LF*L='F_'LFL'F,,

in Figure 7. First we consider how to write this without making use of the extended group
element Fy,.

F! LFL! F,
7~ N\ 7~ N\ 7~ N\
UFU-1

Figure 13. Applying F, !, then LFL~! and F, gives the same result as UFU 1.
Using (6) we have
LF'L'FALFL 'Fy = LF 'L 'FB'F'LFL~'F.F'B.
Now (Figure 13)

(7) FYLFL YF,=UFU "
Using this, our edge 3-cycle becomes
(8) LF 'L 'FB 'UFU'BF!
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The last expression involves only operations in the group &.

Although (8) rewrites the edge three cycle in a form only involving elements of the
group &, avoiding the element F},, of the extended group, we prefer the original expres-
sion (Figure 7) because it exhibits the element as a commutator, and Theorem 1 is not
applicable.

Moreover, (Figure 7) is a more ergonomic form of the operation. By this we mean that
from the point of view of someone who is trying to solve the cube in practice, (Figure 7)
is easier both to remember and to perform in practice.

Finally, our mathematical universe will be richer if we work in the extended group €.
Later we will see that the group € is a semidirect product of the subgroups ® and R, and
this will give us our first example of this important construction.

Exercise. Invent a few more corner and edge 3-cycles. Make a table of the processes you
discover.
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Chapter 2: The Symmetric Group

In Chapter 1 we made use of group theory concepts without actually defining the term
group. A group is a set G with a multiplication law sending any pair of elements to their
product = - y = xy. The group law must be associative:

(zy)z = z(yz)

and there must be a distinguished unit element 1 € G such that

If the group G satisfies the commutative law ab = ba, it is called commutative or
abelian. For abelian groups, we sometimes use additive notation, writing + for the group
law and 0 for the identity element. Thus for example Z is a group with addition as the
group law.

If N is the number of elements in a group, we call N the order of the group. (It may
be infinite.)

If G and H are groups, a group homomorphism is a map ¢ : G — H such that
¢(z122) = $(21)9(22), 1, T2 € G.

A subgroup of a group G is a subset K C G containing 1 which is closed under
multiplication and inverses. It inherits a group structure from G. If G is a group it has
two obvious subgroups, namely G itself and {1}. (We will sometimes denote the latter
subgroup as just 1.)

If $ : G — H is a homomorphism, let K = {g € G|¢(g) = 1}. It is automatically a
subgroup, as you may easily check. It is called the kernel of ¢, denoted ker(¢).

Proposition 2 et ¢ : G — H be a homomorphism  hen ¢ is in e tive i and onl 1
the kernel K o ¢ is trivial that is 1 K =1

Proo Ifz € K and z = 1 then ¢(z) = ¢(1) so ¢ is not injective. n the other hand

suppose that K = {1} and ¢(x) = ¢(y). Then ¢(zy~!) = ¢(z)p(y)"! = 1s0 2y~ ! € K,
so zy~' =1, so £ = y. Therefore ¢ is injective. M

omomorphisms are abundant. ecogni ing and using them is important. et us give

an example. If g € G is a fixed element of a group G, define ¢ : G — G by ¢(x) = grg~'.

Then () implies that ¢ is a homomorphism.
As another example, let  be the group of the ubik s cube as in Chapter 1, and let
2 be the group of the smaller cube. The operations , , , , and all make
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